Abstract. Let R be a commutative ring and let M be an R-module. Let us denote the set of all prime submodules of M by Spec.M /. In this article, we explore more properties of strongly top modules and investigate some conditions under which Spec.M / is a spectral space.
INTRODUCTION, ETC
Throughout this article, all rings are commutative with identity elements, and all modules are unital left modules. N, Z, and Q will denote respectively the natural numbers, the ring of integers and the field of quotients of Z. If N is a subset of an R-module M , then N Ä M denotes N is an submodule of M .
Let M be an R-module. For any submodule N of M , we denote the annihilator of M=N by .N W M /, i.e. .N W M / D fr 2 RjrM Â N g. A submodule P of M is called prime if P ¤ M and whenever r 2 R and e 2 M satisfy re 2 P , then r 2 .P W M / or e 2 P .
The set of all prime submodule of M is denoted by Spec.M / (or X). For any ideal I of R containing Ann.M /, I and R will denote I =Ann.M / and R=Ann.M /, respectively. Also the map W Spec.M / ! Spec.R/ given by P 7 ! .P W M / is called the natural map of X . M is called primeful (resp. X -injective) if either M D 0 or M ¤ 0 and the natural map is surjective (resp. if either X D ¿ or X ¤ ¿ and natural map is injective). (See [3, 11] and [13] .)
The Zariski topology on X is the topology described by taking the set˝D fV .N /jN is a submodule of M g as the set of closed sets of X, where V .N / D fP 2
The quasi-Zariski topology on X is described as follows: put V .N / D fP 2 Xj P Ã N g and˝ D fV .N /jN is a submodule of M g. Then there exists a topology on X having˝ as the set of it's closed subsets if and only if˝ is closed under the finite union. When this is the case, is called a quasi-Zariski topology on X and M is called a top R-module [15] . A subset T of Y is irreducible if T is irreducible as a space with the relative topology. For this to be so, it is necessary and sufficient that, for every pair of sets F , G which are closed in Y and satisfy
A topological space X is a spectral space if X is homeomorphic to Spec.S / with the Zariski topology for some ring S . This concept plays an important role in studying of algebraic properties of an R-module M when we a have a related topology. For an example, when Spec.M / is homeomorphic to Spec.S /, where S is a commutative ring, we can transfer some of known topological properties of Spec.S / to Spec.M / and then by using these properties explore some of algebraic properties of M .
Spectral spaces have been characterized by M. Hochster as quasi-compact T 0 -spaces X having a quasi-compact open base closed under finite intersection and each irreducible closed subset of X has a generic point [9, p. 52, Proposition 4] .
The concept of strongly top modules was introduced in [2] and some of its properties have been studied. In this article, we get more information about this class of modules and explore some conditions under which Spec.M / is a spectral space for its Zariski or quasi-Zariski topology.
In the rest of this article, X will denote Spec.M /. Also the set of all maximal submodules of M is denoted by M ax.M /. 
MAIN RESULTS

Definition
Remark 2 (Theorem 6.1 in [11] ). Let M be an R-module. Then the following are equivalent:
(a) .X; / is a T 0 space;
Remark 3.
(a) Let M be an R-module and p 2 Spec.R/. The saturation of a submodule N with respect to p is the contraction of N p in M and denoted by S p .N /. It is known that
is the intersection of all prime submodules of M containing N ; that is, An R-module M is said to be a weak multiplication module if either X D Spec.M / D ¿ or X ¤ ¿ and for every prime submodule P of M , we have P D IM for some ideal I of R (see [5] ).
The following theorem extends [1, Proposition 3.5], [1, Corollary 3.6], [1, Theorem 3.9 (1)], and [1, Theorem 3.9 (7)]. In fact, in part (a) of this theorem, we withdraw the restrictions of finiteness and Noetherian property from [1, Proposition 3.5] and [1, Corollary 3.6], respectively. In part (b), we remove the conditions " M is primeful " and " R is a Noetherian ring " in [1, Theorem 3.9 (1)] and instead of them, we put the weaker conditions " I m. / is closed in Spec.R/ " and " Spec.R/ is a Noetherian space ". In part (c), we withdraw the condition " R has Noetherian spectrum " from [1, Theorem 3.9 (7)] and put the weaker condition " the intersection of every infinite family of maximal ideals of R is zero ". In below we generalize [1, Theorem 3.9(4)].
Theorem 3. Suppose R is a one dimensional integral domain and let M be a content R-module. Then we have the following. So by the above arguments, there is an index set I such that rad.
By the above arguments, it follows that M is a top module. 
Hence M is an strongly top module. The second assertion follows from Theorem 1 (b).
Theorem 4.
If M is content weak multiplication, then M is an strongly top module. Moreover, if Spec.R/ is Noetherian, then .X; / is a spectral space.
Proof. Let N Ä M . Then we have
Since M is a weak multiplication module, for each prime submodule P of M containing N , there exists an ideal I P of R such that P D I P M . Hence since M is a content module,
This implies that M is an strongly top module. Since Spec.R/ is Noetherian, so is Spec.R/. Hence by Theorem 1 (b), .X; / is a spectral space.
Theorem 5. Let R be a one-dimensional integral domain and let M be an Xinjective R-module such that S 0 (0) Â rad (0). If the intersection of every infinite number of maximal submodules of M is zero, then M is strongly top and .X; / is a spectral space. 
Now we show that V .
T
Too see this reverse inclusion, let P 2 V ..
Thus, there exists j .1 Ä j Ä n/ such that p j D 0, a contradiction. Hence we must have P D qM , where q 2 Max.R/. Then, similar the above arguments, there exists j .
Hence M is strongly top so that D . On the other hand, D is a subset of a finite complement topology. This implies that .X; / is Noetherian. Now by Proposition 1, .X; / D .X; / is spectral. Proof. Let N Ä M . Then we have
Hence M is an strongly top module. Now the result follows by using similar arguments as in the proof of Theorem 4. 
